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. . . *
emantics and the foundations of program proving

".W. de Bakker

\BSTRACT

A discussion is presented of some of the applications of mathematical
‘also called denotational) semantics in the justification of a proof theory
‘or program correctness. Syntax and (denotational) semantics of a simple
sxample language are given, together with a sketch of its assertions. The
system is applied to three case studies in program proving: Assignment to
1 subscripted variable, weakest preconditions and the while statement, and
-he parameter mechanisms of PASCAL. An Appendix contains further details on

he while statement.
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| . INTRODUCTION

\s a major task for theoretical computer science we see the development of
1 mathematical theory of programming languages, aimed at a better under-
standing of the fundamental notions in programming, and, hopefully, result-
ing in an improved quality of their applications. In our lecture we shall
>resent a review of some of the current issues in this area, with the main
smphasis on the interface between semantics and program correctness proofs.

Let us first briefly indicate in which sense we want to take these
terms. As usual in language theory, we distinguish between problems of form
and content, the former corresponding to the study of syntax - how to specify
and analyse well-formed programs -, the latter leading us into the realm
>f semantics, where we study ways of attributing meaning to programs.

Unfortunately, there is no agreement at all on what constitutes a
proper methodology for semantic specification. On the contrary, we find
surselves confronted with an embarrassingly rich choice of approaches,
ranging from the simple view that a language is best defined through its
compiler, via intriguing applications of various forms of model logic, to
the use of sophisticated techniques rooted in category theory or universal
algebra.

We find it advantageous to distinguish three main trends in the field of
semantic description of programming languages. Two of these are what one
might call model-theoretic, in the sense that meaning is attributed to
programs by relating them to a model, i.e., some universum which is not the

same as the linguistic world of the program texts. Of course, the same idea
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languages: A linguistic object — e.g. the word "table"
nsist of five letters - is assigned meaning through its
he external world - where we might observe a table as
legs. For many years, the only universum used in the
e meaning of programs was that of a - real or abstract -
int of view, each program instruction determines a
action of the machine, and execution of a complete program
of states, starting from an initial state and, normally,
final state. It has become customary to refer to this
ntics. Important examples of it are the definition of
lled Vienna method [19], and the definition of ALGOL 68
rs, a second model-theoretic approach has gained increas-
ely the method of mathematical (or denotational) semantics
ford school of Dana Scott and the late Christopher
also, e.g., [21,31]). The qualification "mathematical" is
n as implying that the methods of operational semantics
ly satisfy mathematical standards. Rather, it reflects
odel used, which is completely machine-independent and
rtain basic mathematical notions such as sets, functions
e we shall make extensive use of these ideas in the
nt below, we won't go into details now. The third group
in the study of languages is proof—theoretic - as opposed
tic nature of the first two. As an implicit way of assign-
rams, one proposes certain axioms and proof rules which
rmal) proofs of program properties. As outstanding
his approach we mention the inductive assertion method,
by Floyd [13], embedded in a formal system by Hoare [14],

somewhat modified form in Dijkstra's work on weakest pre-

, care should be taken not to view these three methodolo-
ones, but, on the contrary, as complementary in that no

is appropriate for all possible applications. The remainder
be devoted to an illustration of how mathematical semantics

ing proof theory. However, let us emphasize that operational
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semantics has just as well an important role in that it is closest to the
ictual problems of the compiler writer.

Let us now outline how the rest of the paper is organized. We first
)resent a very simple language and define its mathematical semantics. Next,
7e state the sort of formal assertions one might be interested to make on
chis language, and sketch thestructure of a possible proof theory for it.

Je then proceed with three applications dealing with

- assignment, in particular to subscripted variables

- weakest preconditions and the while statement

- the parametermechanisms call-by-value and call-by-variable, as
occurring in the language PASCAL.

We hope to show what challenges are offered to mathematical semantics
>y this sample of problems in the area of program proving. Though the examples
treated are simple, we find that they are not always well-understood. It has
seen our experience that the foundations of program proving are in danger
»f being somewhat shaky, when established without the support of semantic
justification.

(Related investigations of the connections between semantics and proof
theory have been reported e.g. by Donahue [11], Ligler [17,18], and Pratt
~26]. Cf. also Milmer [22].)

2. SYNTAX AND SEMANTICS OF A SIMPLE LANGUAGE

Our example language has three kinds of constructs, viz. statements, integér
expressions, and boolean expressions. As starting point in the formation of in-
teger expressions we take the classes of integer variables Var={x,y,...} and of
integer constants Const = {m,n,...}. Using a syntactic definition formalism

#hich should be self-explanatory, we then introduce:

The class of statements Staf with elements S,...

S::= x:=s|S];Sz|i£ b then S, else 82 filwhile b do S od

1

The class of integer expressions Iexp with elements s,t,...

s::= xlmls]+szl££ b then s, else s, fi
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The class of boolean expressions Bexp with elements b,...

-
b::= truelfalselsl—szl b|b]:>b2

Meaning is attributed to the constructs of this language with respect
o a state, i.e., a mapping from variables to values. E.g., the meaning of
he assignment statement x:= x+! in a state where x has the value 0 is a
ew state in which x now has the value 1 (and all other variables have main-
ained their old values). '

Let T = {y,v,...} be the set of integers (note that in our programming
anguage we use integer constants in Const to denote these), and let

= Var - I be the set of states, with elements o0,0',... . We now introduce

lappings M, V and T, defining the meaning of the elements in Stat, Iexp
nd Bexp, respectively, all with respect to a given state:

M: Stat - (I EZ;% z)

Ve Texp ~ (2 — 1)
T: Bexp -~ (£ — {T,F}) .

These definitions should be read as follows: For each statement S,
(S) yields a (partial) function from states to states (thus, it is meaning-
ul to write M(S)(o) = ¢'). Similarly, for each s, V(s) yields a function
rom states to integers (we can write V(s)(o) = p), and T(b) yields a func-
ion from states to the set consisting of the two truth-values T and F
e.g., 1(b)(c) = T might hold).

Before presenting the semantic definitions, we present one further
iece of notation: For 0 € I, x € Var and u € I, we define o{u/x} as a new
tate given by: o{u/x}(x) = u, and for each y #Z x: o{u/x}(y) = o(y).

This formalism enables us to give a succinct definition of the concepts

n our simple language. For each o:

M(x:=s)(c) = o{V(s) (o) /x}
M(SI;SZ)(O) = M(Sz)(M(Sl)(G))

1]
=]

M(s ) (o) if T(b) (o)

M(if b then S]

else S, fi)(o) = {

1}
o

M(s,) (o) if T(b) (o)
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M(while b do S od) (o) = (this case is somewhat more complex than

the other ones, and relegated to the Appendix)

V(x) (o)
V(m) (o)
V(s]+52)(0) = plus (U(sl)(o),V(sz)(o)) (where we assume known the

o(x)

p (the integer denoted by the constant m)

]

meaning of the mathematical function
plus: 1 x 1 > 1)
V(sl)(o) if T(b) (o)

]
|

V(ii b then s

1 else S, fi)(o) = {

]
rj

V(sz)(c) if T(b) (o)

T
F

T(true ) (o)
T(false) (o)
T(s1=sz)(o) = equal (V(sl)(o),V(sz)(c)) (where we assume known the

meaning of the mathematical function
equal: 1T x I » {T,F})
F, if T(b)(0o) =T

T(b) (o) = {
T, if T(b) (o)

T(blabz)(o) = (T(bl)(c) = T(bz)(o)) (where we assume known the meaning

F

of the logical operation "="'" between truth-

values).

ramples. First we determine M(x:=x) (o) as follows: M(x:=x)(0) =
{V(x) (o) /x} = o{o(x)/x} = 0. (Below, we shall use A as abbreviation for

he "dummy statement" x:=x.) Next, we evaluate M(x:=2;y:=x+y)(c), where o
atisfies o(y) = 1. We obtain successively - neglecting for the moment the -

istinction between integer constants and integers:

M(x:=2;y:=x+y) (0) =

M(y :=x+y) (M(x:=2) (0)) =

M(y:=x+y) (c{2/x}) =

o{2/xHplus (V(x) (c{2/x}),V(y) (c{2/x}))/y} =
o{2/xHplus(2,1)/y} =

o{2/x}{3/y}.

Once having acquired some familiarity with the notation, the reader

ill easily convince himself that the definitions indeed capture the usual
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of the concepts in our language. Of e, the become
rably more complex for more interest nguage 1, the
pproach remains essentially the same e one re.
F THEORY
about programs are usually concerned three gram
ies:
ctness: Program S is correct if and fitt put satis-
condition p; to output satisfying c on p,, y chosen
tions PysPy-
nation: The computation specified by am S t r all

satisfying a suitable condition p.

alence: Programs S1 and 82 determine ame st mation.
shall outline a formal system in wh ese pr be

ted for our simple language, togethe a def he notion
ifying the system using the semantic iven i

e formulae of the system are either Zoms o es. The

f assertions p,q,... is an extension e clas expres—

exp of section 2:

pi:= truelfalselsl=szlﬂp|p13p Ix[p]
valence is a construct of the form S We now function
sertions and equivalences. Thus, its ¢ tion fo ive syntactic
in the syntax for p is just as befo d omit more, we

for each o,

T, if there exists o' su t o' =
J and T(p)(c') =T

S;p) (o) =

1 F, otherwise.




T, if there exists p such that T(p)(oc{u/x}) =T
T3x[p]1) (o) {

F, otherwise.

T(Slzsz)(o) equaZ(M(S])(o),M(Sz)(c)) (here equal: Tx% > {T,F}).
[t should be noted that the p's are assertions about programs, and not
1emselves programming constructs. E.g., a boolean procedure bp with the

:claration (in ALGOL 60 notation) boolean procedure bp; begin S;

>:= true end, will result in an infinite computation when called in a state
for which S does not terminate, whereas T(S;true)(c) yields F.)

Next, we introduce the following abbreviations:

pVgq = (p) 2 q
pPAg = "(p>'q)
P=q = (p>q)A(q>p)

if p then q; else q, fi = (pAql)v(ﬂpqu)

S>p = (S;true) > (S;p)
{p}s{q} = p>(8>q)
[plsiq] = p>(S3q) .

Jelow we apply the usual conventions on the priority of the logical.
yerators ﬂ, A,V,D,=,)
Let us now see what we obtain from these definitions in the last two
1ses: For each ¢
T, if, for all o', whenever T(p)(c) = T
and o' = M(S) (), then T(q)(c') =T

T({p}siq}) (o) =
F, otherwise.
T, if, whenever T(p)(c) = T, then there exists
o' such that o' = M(S)(o) and T(q)(c') =T
T({plsLql) (o) =

F, otherwise.




-8-

hus, we encounter here the usual notions of partial correctness (in the
ormulation of Hoare [14]) and total correctness (see e.g. Manna [20]). L
s moreover point out that the meaning of our construct S;p (also appeari
n Mirkowska & Salwicki [23]) is nothing but Dijkstra's weakest precondit
p(S,p) (provided that we restrict ourselves - as we do here - to determi
stic programs; the nondeterministic case is investigated e.g. in De Bakk
61 and De Roever [271).

A formula is called valid if, for all o, T(p)(c) = T, or T(Sl=82)(0)

‘espectively. Examples of valid assertions are

S;false = false (3.
S;(pAg) = (S3p) A (S5q) . (3.
S; (pvq) = (8;p) Vv (S3q) (3.

'sing p[s/x] to denote the result of replacing all occurrences of x in p

y s, we also have the validity of .
(x:=s);p = pls/x] (3.
provided that p contains no subexpressions of

the form S;p'

(51;52);9 = S];(Sz;p) (3.

if b then S1 else 82 fi;p = if b then Sl;p else 82;p fi (3.

'alid assertions expressing partial correctness are

{pls/x]1} x:=s {p} (3.

provided that p contains no subexpressions of
the form S;p'

{p} x:=s {3ylply/x]A x=sly/x]1]1} (Floyd [13]) (3.

{p/\b}Sl{r} A {p/\_'b}SZ{r} > {p}if b then S, else Sz_gi_ {r} (3.

s examples of valid equivalences we mention

while b do S od = if b then S;while b do S od else A fi (3.

if b then S1 else 82 fi3;s = if b then S S fi (3.

1;S else SZ;
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- .
. . 1
A deduction is a construct of the form — where 7, and m, are formulae.
2

1
n the formal proof theory, it will serve as a means for deriving new theorems
rom old ones (which are either axioms or previously derived theorems). There-
ore, we are interested in the notion of a sound deduction: A deduction is
alled sound iff validity of its premise (ﬂl) implies validity of its conclus-

on (ﬂz). Examples of sound deductions are

Efg%gj-, provided that y does not occur free in p (3.12)

{p}S]{q} A {q}Sz{r}

(3.13)
{p}Sl;Sz{r}
{prb}s{p}
{p} while b do S od {pA b} (3.14)
S =S S =8
P-4 1 £ ' : 2 (3.15a,b.c)

S;p>S;3q §38,=538, S15P=5,5P

n example of an invalid assertion is: (p>q) = ((S3p) 2 (S39)). An unsound
{truelx:=1;y:=2{x=1Ay=2}
{frue}y:=l;y:=2{y=lAy=l}'

In a proof theory one selects certain valid formulae as axioms, and sound

eduction is the following

eductions as proof rules. E.g., in Hoare's proof theory we encounter assertion
3.7) as an axiom, and assertion (3.9) and deductions (3.13) and (3.14) as
roof rules, whereas in Dijkstra's system we find (3.1-3.6) and (3.15a). One
hen hopes to be able to derive a class of interesting program properties on
he base of these axioms and rules. The development of a formal proof theory
s in particular motivated by two considerations:
a judicious selection of axioms and rules may lead to a system which is
complete for a certain class of properties — thus enabling the programmer
in that case to base all his proofs on the selected axioms and rules, with-
out any appeal to facts outside the formal theory. (E.g., Hoare's system is
incomplete, since the equivalence (3.10) is not derivable in it (see [4]).
Addition of (3.10) yields a theory which fully characterizes the while state-
ment in the sense as investigated in a much more general setting in De Bakker
& Meertens [9].) Moreover, an appropriate choice of the axioms and rules may
sometimes lead to a natural (implicit) definition of the meaning of the

concepts concerned.
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system for computer verification of program correctness has to rely
ome formalized proof theory which informs the computer as to what are

legal inferences of the system.

LICATIONS AND EXTENSIONS

s section we present three case studies which illustrate the interface
n semantics and proof theory. They are concerned with

gnment to a subscripted variable

est preconditions and the while statement

meter mechanisms for procedures.

h case we hope to shed some light on a point which, simple as it may

ems to be not yet fully understood in the literature.

ssignment to a subscripted variable

onsider the assignment statement x:=1. Clearly, {truelx:=1{x=1} is a
ble property of it, which is easily seen to be both valid, and

ble by Hoare's assignment axiom. Indeed, (x=1)[1/x] reduces to 1=1,
is equivalent with true. Now let us assume that our language has been
ed with subscripted variables. We first of all have to give the

ics of this extension. This is rather straightforward, and omitted
see [8]). What to do, however, with the proof theory? First we try to
a subscripted variable als] in the same manner as a simple variable,
ng us to derive, e.g., {true}al2]=1{a[2]=1} (since true is equivalent

al21=1)[1/al21]). Similarly we would then obtain
{truetalal2]]:=1{alal2]1]1=1}, (4.1)

iing that true is also equivalent with (alal[211=1) [1/alal2]]1) but
‘ormula can be shown to be Znvalid in the following way: It is not

:ult to verify the validity of

{al[11=2 A a[2]=2} alal2]11:=1 {alal2]11=2}. (4.2)
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11=2 A a[2]=2 > true is

. A al21=2} alal21]:=1 {a

the invalidity of Hoare
cripted variable case, 1
on p[t/v], where v now r
riables als]. By obvious
v]2>p2[t/v], or (s]=32)[
atment of wlt/v], for v,
v are simple variables a
1). The heart of the def

df.
/als]1] bls'[t/als]]1]

HIFh HiFh
°

d
Jals]] if s"[t/als]]

(3.7), taken with the n

Yy[1/alal2]1] =
= a[2] then 1 else alal2
implifications, we reduc

] =1 else true fi. Thus

] = 2 then all]

]

1 else

alal2]] 1{alal

).
Ztions and the while sta

Theorem 4 of [12]. When
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pADb>S;p

. (4.3)
pA (while b do S od;true) > (while b do S gg;(pAﬂb))

t will be shown that this is nothing but a weaker version of (3.14) (this
emark was first made in [5]).

Assume (3.14) and the premise pAb > S;p. We show that the conclusion
f (4.3) is then derivable: Since pAb > S;p, clearly, also pAb A (S;true) >
3P, or, by simple propositional logic, pAb > (S;true>S;p), i.e.,
Ab > (S»p), or, in the partial correctness notation {pAb}S{p}. Thus, the
remise of (3.14) holds, and we infer the conclusion of (3.14):
p} while b do S od {pAﬂb}, which, in the same way, can be shown to be

othing butan abbreviation for the conclusion of (4.3). [

We here observe the advantages of an approach in which it is possible
o formally compare notions such as partial correctness and weakest pre-

onditions, thus clarifying the relationship between the various techniques.

.3. Parameter mechanisms

By way of example we consider the parameter mechanisms of call-by-value
nd call-by-variable as occurring in the programming language PASCAL (this
ubsection is based on [1,2]). We extend the syntax as given in section 2
y introducing a class of procedure variables P, together with the constructs
f procedure declaration and call. For the sake of simplifying the presen-—
ation here, we assume some restrictions: We have one procedure declaration

" we find a construct which

< <val x, var y | S>, where to the right of "«
as a formal value parameter x, a formal variable parameter y, and body S.
procedure call has the form P(t,v), with as actual parameters the integer
xpression t (for the formal x) and variable v (for the formal y).

We now outline how to provide a meaning to P(t,v) in the non-recursive

ase (no occurrences of P in S). For this purpose we first of all need the

onstruct of a block: begin new z;S end, where z is any simple variable and

any statement. We assume that the reader has an intuitive understanding cf this

oncept, and omit formal specification of its semantics (and corresponding

roof rule). For this we refer toe.g. [1,2,15]. We also omit the precise definiti

f substitution in a statement, written as S[v/x], apart from mentioning
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it the new z... construct has the same variable binding effect as
... or [ ... dz has elsewhere in mathematics. Assuming these definitions

1ilable, we introduce the following notation:

df.
<valx, var y | S> (t,z) =

begin new u; u:=t;S[u/x1[z/y] end
df.
<valx, var y | S> (t,als]) =

begin new up,u,y; U istiu

{ 2:=s;S[u]/x][a[u.2]/y] end .

.ting B as shorthand for <valx, var y | S>, we can now give concise rules
: meaning and proofs for a procedure call P(t,v). Assume the declaration

= B. Then, for all o,
M(P(t,v)) (o) = M(B(t,v)) (o),
d in the proof theory we might incorporate, e.g.,

P(t,V) = B(t,V)

P(t,v);p = B(t,v);p,

{p} B(t,v) {q}
{p} P(t,v) {q}

pending on whether this proof theory favors equiyalences, weakest pre-
nditions, or a partial correctness approach.

Various approaches in the literature (e.g. [15,161) tend to confuse
ocedure calls with substitution. Let us give an example of this: Consider
e declaration Pl <« <Xi£y1,y2| yl:=2;y2:=3> (with a slight deviation from
r previous syntactic convention). The treatment of procedure calls as
oposed in [16] would, through inappropriate use of substitution, result

deductions such as

{true} yl:=2; y2:=3 {yl=2 A y2=3}

{true} Pl(z,z) {z=2 A 2z=3}
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d, rightly considering this undesirable, its authors remedy this by for-
.dding calls such as Pl(z,z). We find our definition advantageous, since

lere is no contradiction in the inference

{true} <var yl,y2 | yl:=2; y2:=3> (z,z) {z=3}

{true} P](z,z) {z=3}

cause, by the B(t,v) definition, this reduces to the sound-deduction

{true} z:=2; z:=3 {z=3}
{true} Pl(z,z) {z=3}

smark. Observe that from (3.12) we obtain that

{p}s{q}
{ply/x1}Sly/x1{qly/x1} "

» provided that y does not (4.4)

occur free in p,S or q

3 a sound proof rule. However, this rule does not allow the deduction

{true} y1:=2; y2:=3 {y1=2 A y2=3}

5

{true} =z:=2; =z:=3 { z=2 A 2z=3}

ince the proviso of (4.4) is violated after substitution of z for either

| or y2.

. CONCLUSIONS

> have illustrated the connections between semantics and the foundations of
cogram proving by an analysis of a few basic programming concepts and a
ragment of the associated proof theory. We are convinced that the development
! firm foundations for program proving has to rely heavily on a thorough

:udy of the semantics of the concepts concerned, together with a careful

swlication of it in the justification and the proof theory. There
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3 currently a vigorous activity in this area, and our lecture has touched
1ly on a modest selection of the work in progress. For example, we have
nitted all treatment of the investigations dealing with concepts such as
scursion, nondeterministic and parallel programming, or (abstract) data
ypes. Recursion is well-understood both as to its semantics, where the
>-called least fixed point characterization is used (described e.g. in[41]),
1d as to its proof theory, which centers around an induction rule due to
zott ([28]). (It may be of some interest to mention here that the discovery
f this rule formed part of the motivation for Scott's recent Turing award.)
artain doubts shed on the validity of the least fixed point approach in the
resence of, e.g., the call-by-value parameter mechanism, were clarified

n our [7]. For parallel programming, we have good hopes for the development

f appropriate semantics on the basis of the mathematical constructions of

lotkin [25] and Smyth [30]. We consider it an interesting challenge for
uture work to justify the proof theory as proposed e.g. in Owicki & Gries
24] on the basis of these semantics. As to the study of abstract data types,
e feel that it is as yet too early to single out any definitive developments
n this field.

By way of conclusion, let us recall the aims of a mathematical theory
f programming languages as stated in the introduction, viz. an improved
nsight into the fundamental programming concepts, and application of this
n the methodology of program design and verification. When we compare
he present situation with that of say ten years ago (cf. [3]), we may well
e proud of the achievements in semantics during this period. Though still
n a state of intense development, there are now some major results and
echniques in semantics which are here to stay, allowing the programmer a

etter understanding of his most precious tool.

PPENDIX

n this appendix we give the semantics of the while statement, and present
new type of assertion which provides an alternative to the while b do S

d;p construct.
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Let us assume the usual partial ordering on the elements ¢,¢' in
5;;% 2 (¢ ¢ ¢" iff, for all o, either ¢(o) is undefined, or ¢ (o) and
o') are both defined and yield the same value). Let, for a chain

c ¢1 S ... S ¢i Coveny i§0 ¢i denote its least upper bound. We put

M(while b do S od) = igo ¢i

ere, for each o,

¢O(o) = undefined

¢i(M(S)(c)), if T(b)(o) =T
(o) {

¢

i+l

I
+j

o , 1f T(b) (o)

irthermore, let us extend the definition of the class of assertions with

1e clause

P::= ... | rep b;S per ¢q

yr which we define the function T in the following manner: For each

,y' € £ » {T,F}, we put y ¢ y' iff, for each o, y(o) = v'(0). Again,

0

40 \f denotes the lub of the chain Yo € Yy € - SY¥;E e We now put

T(rep b;S per p) = iEO '

arere, for each o,

F

T(p) (o) , if T(b) (o)

YO(O)

1]
-

~
Q
N
1]
]
]

n the basis of these definitions we can then show the validity of asser-—

ions such as
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while b do S od;p = rep b;S per p (a.1)

if b then S;rep b;S per p else p fi (A.2)

rep b;S per p

nd the soundness of a deduction such as

q = if b then S;q else p fi

. (A.3)

rep b;S per p o g

Jbserve that (A;]-—A.3) together yield a least-fixed-point characteri-

ition of while b do S od;p. Cf. De Bakker & De Roever [101, p.187.)
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